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In a fundamental article, Ringel investigated homological properties of
F 1 (the category of modules that are ltered by standard modules) and
the dually dened category F ∇ for quasi-hereditary algebras [R]. More-
over, he constructed the characteristic tilting module T which turned out
to be quite important and useful in applications. He also showed that what
is now called the Ringel dual End3 T is again quasi-hereditary. The aim of
this article is to show how these results generalize to standardly stratied
algebras.
More precisely, we will show that there is always a characteristic tilting
module T such that the opposite of the endomorphism algebra End3 T is
again standardly stratied. It turns out that specic properties of T char-
acterize the case when 3 is quasi-hereditary. We will apply these results to
obtain bounds for the nitistic dimensions of standardly stratied algebras,
but we refer to [AHLU] for optimal bounds.
Many of our results and arguments have a clear predecessor in Ringel’s
article, however the subtle differences originating from the more general
setting are sometimes revealing also in the quasi-hereditary situation.
We should mention that the theory of standardly stratied algebras, like
that of quasi-hereditary algebras, has a natural counterpart in the theory
of Lie-algebras as illustrated by the recent work of Futorny, Ko¨nig, and
Mazorchuk (see [FM1, FM2, FKM1, FKM2, FKM3]).
In the rst section we have collected the necessary denitions and basic
facts from the literature about standardly stratied algebras. Some state-
ments of technical character are also included in this section. The second
section then contains the main results of the paper.
After completing this paper, we have learned about the work of Platzeck
and Reiten ([PR]); in particular they have also obtained parts of 2.1 and
2.2, using a different proof.
1. PROPERTIES OF STANDARDLY STRATIFIED ALGEBRAS
In what follows, we recall some denitions and basic results from [D],
[ADL], [DR], [AR], and [R] and derive some easy consequences.
Throughout the paper 3 will be a basic nite dimensional algebra over a
eld k. For simplicity we assume that k is algebraically closed, but by slightly
modifying some of the dimension arguments, all our results generalize
to the case of an arbitrary eld. The category of nite dimensional left
3-modules will be denoted by 3-mod. Maps will be written on the oppo-
site side of the scalars, thus the composition of two maps f x X → Y and
gx Y → Z in 3-mod is denoted by fg.
In the following 3;≤ will denote the algebra 3 together with a xed or-
dering on a complete set e1; : : : ; en of primitive orthogonal idempotents
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(given by the natural ordering of the indices). For 1 ≤ i ≤ n let Pi = 3ei
be the indecomposable projective 3-module and let Si be the simple top
of Pi. The standard module 1i = 13i is by denition the maximal fac-
tor module of Pi without composition factors Sj for j > i. We will also
need particular factor modules of the standard modules: for 1 ≤ i ≤ n we
denote by 1¯i = 1¯3i the proper standard module, which is the maximal
factor module of 1i such that the multiplicity condition
1¯i x Si = dimk Hom3Pi; 1¯i = 1
holds. Note that End3 1¯i ' k, so 1¯i is a Schurian module.
We dene dually the costandard modules ∇i and proper costandard mod-
ules ∇¯i. Thus ∇i is the maximal submodule of the injective envelope Ii
of Si without composition factors Sj for i < j, while ∇¯i is the maximal
submodule of ∇i that satises the multiplicity condition
∇¯i x Si = dimk Hom3∇¯i; Ii = 1:
We use the notation 1 = 13 = 11; : : : ; 1n, and we dene the sets 1¯,
∇, and ∇¯ similarly.
Given a class of modules C ⊆ 3-mod, we denote by F C the full sub-
category of 3-mod containing all modules that are ltered by modules
in C. In particular, we shall be mostly interested in the categories F 1,
F 1¯, F ∇, and F ∇¯.
The pair 3;≤ is called standardly stratied if 33 ∈ F 1 (cf. [CPS2, D,
ADL]; but see also [Wi] and [APT]). Note that this properly generalizes
the concept of quasi-hereditary algebras where one further requires that
the endomorphism algebras of the standard modules are isomorphic to k
(compare for example [DR] or [CPS1] for equivalent denitions). Thus we
may also note that a standardly stratied algebra 3;≤ is quasi-hereditary
if and only if 1i = 1¯i for all 1 ≤ i ≤ n.
The leftright symmetry of the conditions for quasi-hereditary algebras
is replaced for standardly stratied algebras by the following theorem
(see [D, 2.2] or [ADL, 2.2]). We denote by D the duality with respect
to k.
Theorem 1.1. For a k-algebra 3;≤ the following are equivalent.
(i) 33 ∈ F 1, i.e., 3 is standardly stratied.
(ii) D33 ∈ F ∇¯.
Next, we shall recall some basic homological facts about standard and
proper costandard modules which we shall use freely later on; the state-
ments are either well-known (cf. [DR, 1.2, 1.3] or [R, Chap.3]) or can be
easily proved using similar methods.
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Lemma 1.2. The following statements hold for 3;≤.
(i) Hom31i; 1j = 0 for i > j.
(ii) Ext131i; 1j = 0 for i ≥ j.
(iii) Hom3∇¯i; ∇¯j = 0 for i < j.
(iv) Ext13∇¯i; ∇¯j = 0 for i < j.
(v) Hom31i; ∇¯j = 0 for i 6= j.
(vi) Ext131i; ∇¯j = 0 for every i; j.
Moreover, if 3;≤ is standardly stratied, then the equalities of ii, iv,
and vi will also hold if we replace Ext1 with Extm for arbitrary m > 1.
Note that the previous statements imply that for any modules X ∈ F 1
and Y ∈ F ∇¯ the multiplicities X x 1i and Y x ∇¯j, giving the num-
ber of occurrences of a certain factor in a ltration, are well dened.
We will also need the inductive building procedure of standardly stratied
algebras (compare for example [D]). For this let 3;≤ be a standardly
stratied algebra. Recall that e1; : : : ; en was a complete ordered set of
primitive orthogonal idempotents. For 1 ≤ i ≤ n we put εi =
Pn
j=i ej and
εn+1 = 0. The factor algebras 3i = 3/3εi+13 are again standardly stratied
in the induced order.
For 1 ≤ i ≤ n we dene 1i = 11; : : : ;1i and ∇¯i = ∇¯1; : : : ;∇¯i.
If we identify the 3i-modules with their images under the canonical in-
clusion functor to 3-mod, we can summarize some basic facts concern-
ing the relationship of the standard and costandard modules for 3 and
the corresponding algebras 3i as follows. (The proof is obvious, hence it
is omitted.)
Lemma 1.3. For the algebra 3;≤ the following statements hold.
(i) 13ij = 13j for 1 ≤ j ≤ i ≤ n.
(ii) ∇¯3ij = ∇¯3j for 1 ≤ j ≤ i ≤ n.
(iii) F 13i = F 13 ∩ 3i-mod = F 1i.
(iv) F ∇¯3i = F ∇¯3 ∩ 3i-mod = F ∇¯i.
(v) F 13i ∩ F ∇¯3i ⊆ F 13 ∩ F ∇¯3.
The next two lemmas will be useful in identifying the sets 1¯ and ∇,
respectively. Since the proofs of the two statements are similar, we shall
give the proof only for the rst of the lemmas.
Lemma 1.4. Let 3;≤ be given and assume that a set D1; : : : ;Dn
of 3-modules with topDi ' Si satises the multiplicity conditions
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Di x Si = 1 for every i and Di x Sj = 0 for j > i. Assume also that
Pi ∈ F Di; : : : ;Dn for all 1 ≤ i ≤ n. Then Di ' 1¯i for all i.
Proof. Since topPi ' Si, and topDj ' Sj, the ltration condi-
tion Pi ∈ F Di; : : : ;Dn implies that there is an exact sequence
0→Ki→Pi→Di→ 0;
with Ki ∈ F Di; : : : ;Dn. The multiplicity conditions on Di and the
denition of 1¯i implies that the map Pi→Di factors through 1¯i,
hence the above sequence can be completed for the commutative diagram
0 −→ Ki −→ Pi −→ Di −→ 0?y ?y ∥∥
0 −→ K¯i −→ 1¯i −→ Di −→ 0 ;
with all vertical maps surjective. If K¯i 6= 0 then there is an index j < i such
that HomK¯i; Sj 6= 0. Consequently HomKi; Sj 6= 0, which contra-
dicts the fact that Ki ∈ F Di; : : : ;Dn and Hom3Dl; Sj = 0 for
j < i ≤ l. Thus K¯i = 0, so Di ' 1¯i for every 1 ≤ i ≤ n.
Lemma 1.5. Let 3;≤ be given and assume that a set N1; : : : ;Nn
of 3-modules with SocNi ' Si satises the multiplicity conditions
Ni x Sj = 0 for j > i. Assume also that Ii ∈ F Ni; : : : ;Nn for
all 1 ≤ i ≤ n, so that Ni occurs only once as a factor of a ltration of Ii.
Then Ni ' ∇i for all i.
Let us turn now to some global homological properties of the categories
F 1 and F ∇¯.
Recall from [AR] that a full subcategory C of 3-mod which is closed
under isomorphisms and direct summands is called resolving, if C is closed
under extensions and contains the kernels of epimorphisms in C and
33 ∈ C. The notion of coresolving is dened dually. The subcategory C
is called contravariantly nite in 3-mod, if every X ∈ 3-mod has a right
C-approximation, i.e., there is a morphism FX → X with FX ∈ C such that
the induced morphism Hom3C;FX → Hom3C;X is surjective for all
C ∈ C. If X admits a right C-approximation then it admits also a minimal
right C-approximation: this is a right C-approximation which in addition
is also right minimal in the sense that its restriction to any nonzero sum-
mand is nonzero. Note that for a contravariantly nite subcategory which
is resolving every right approximation is surjective (cf. [AR, 3.3]): indeed,
the projective cover has to factor over the right approximation. The no-
tion of a covariantly nite subcategory is dened dually. A subcategory of
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3-mod which is both contravariantly nite and covariantly nite is called
functorially nite.
In the next statement we have collected some basic properties of the
categories F 1 and F ∇¯ for standardly stratied algebras. The statements
are either known or follow easily from results in the literature.
Theorem 1.6. Let 3;≤ be a standardly stratied algebra. Then the fol-
lowing statements hold:
(i) F 1 is a functorially nite and resolving subcategory of 3-mod.
(ii) F ∇¯ is a covariantly nite and coresolving subcategory of 3-mod.
(iii) F 1 = X ∈ 3-mod Ext13X;F ∇¯ = 0.
(iv) F ∇¯ = Y ∈ 3-mod Ext13F 1; Y  = 0.
Proof. The set of standard modules 1 always satises Ext131i; 1j =
0 for j ≤ i, hence F 1 is functorially nite, as stated in [R, Theorem
2]. The fact that it is also resolving will follow from [DR, 1.5]. This gives
(i). The statement of (iv) is contained in [ADL, 3.1], using the standard
k-duality. The statement of (ii) follows from (i), (iv), and [AR, 3.3]. Finally,
(iii) follows from (iv) and [AR, 1.10].
Note that although F ∇¯ is not closed under kernels of epimorphisms
(hence not resolving), we do have the following special case which we shall
need later.
Lemma 1.7. Let X ∈ F ∇¯i and assume that there exists a non-zero ho-
momorphism f ∈ Hom3X; ∇¯i. Then f is surjective, and Ker f ∈ F ∇¯i.
Proof. Let K = Ker f and let 0 = X0 ⊆ X1 ⊆ · · · ⊆ Xs = X be
a ltration of X with factors in ∇¯i. By 1.2.(iv), we may assume that
the factors isomorphic to ∇¯i appear at the end of the ltration. If
r = maxj Xj ⊆ K, then the restriction of f to Xr+1 will give us a
non-zero map f¯ x Xr+1/Xr→∇¯i. Since Hom3∇¯j; ∇¯i = 0 for j < i,
we get that Xr+1/Xr ' ∇¯i, and since ∇¯i is Schurian, we get that f is
surjective.
We shall proceed by induction on the number X x ∇¯i = t to show that
K ∈ F ∇¯i. Clearly, t > 0, and if t = 1, then K = Xs−1, hence K ∈ F ∇¯i.
So assume that t > 1. We may also assume that Xs−1 6= K. This gives a non-
zero (hence surjective) map ιf x Xs−1→∇¯i. Thus, we get the following
commutative diagram:
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0 0?y ?y
0 −→ K′ −→ K −→ ∇¯i −→ 0?y ?y ∥∥
0 −→ Xs−1
ι−→ X −→ ∇¯i −→ 0
ιf
?y ?y f
∇¯i = ∇¯i?y ?y
0 0
:
Observe that Xs−1 x ∇¯i < X x ∇¯i, hence by induction we get that
K′ ∈ F ∇¯i. Since K is the extension of K′ by ∇¯i, we are done.
Finally, we recall some results about the homological dimensions of the
standard and proper costandard modules. The (projectively dened) nitistic
dimension of a class of modules C ⊆ 3-mod is dened by
fin:dim C = supproj:dim X X ∈ C; proj:dim X <∞:
The injectively dened nitistic dimension is dened similarly, and will be
denoted by inj:n:dim C. The nitistic dimension of the algebra 3 is the
the nitistic dimension of the whole module category 3-mod. With this
notation, we state two results from [DR, 2.2] and [AHLU, 3.4].
Proposition 1.8. Let 3;≤ be a standardly stratied algebra. Then we
have
(i) supproj:dim X X ∈ F 1 ≤ n− 1,
(ii) inj:n:dim F ∇¯ ≤ n− 1.
2. MAIN RESULTS
We keep the notation from the previous section. First we recall some
additional terminology from tilting theory. A 3-module T is called a tilting
module if
(a) proj:dim3 T <∞;
(b) Exti3T; T  = 0 for all i > 0;
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(c) there exists an exact sequence 0 → 33 → T 0 → T 1 → · · · →
Tm → 0 with T j ∈ addT for all j. (Recall that addT is the full subcat-
egory of 3-mod whose objects are direct sums of direct summands of T .)
The notion of a cotilting module is dened dually. For more details on tilting
theory we refer to [H] or [AR].
Let X ∈ 3-mod. We may associate to X the following useful subcate-
gories. We denote by X⊥ the full subcategory of 3-mod with objects Y
satisfying Exti3X;Y  = 0 for all i > 0 and by ⊥X the full subcategory of
3-mod with objects Y satisfying Exti3Y;X = 0 for all i > 0. Note that⊥X is a typical example of a resolving subcategory for X ∈ 3-mod. We de-
note by facX the full subcategory of 3-mod consisting of those modules Y
which are epimorphic images of modules in addX. Note that for a tilting
module T we have T⊥ ⊆ fac T .
Finally, if C is a class of modules in 3-mod, we denote by bC the full
subcategory of those 3-modules for which there exists a nite C-resolution,
i.e., an exact sequence
0→Xs→· · ·→X1→X0→X→ 0
with Xi ∈ C for all 0 ≤ i ≤ s. Dually, one may dene Cˇ as the full subcat-
egory of modules with a nite C-coresolution.
We now turn to the generalizations of Ringel’s results on the character-
istic tilting module for standardly stratied algebras [R].
For X ∈ 3-mod we denote by X the kernel of a projective cover
of X and by −X the cokernel of an injective envelope of X. For each
natural number i ≥ 1 we set iX = i−1X (where 0X = X)
and −iX = −−i+1X.
Theorem 2.1. Let 3;≤ be a standardly stratied algebra. Then there
exists a tilting module 3T such that F ∇¯ = T⊥.
Proof. By 1.6.(ii) we know that F ∇¯ is a coresolving and covariantly
nite subcategory of 3-mod. By dualizing [AR, 5.5], it sufces to show that
for each X ∈ 3-mod there exists an exact sequence
0→X→F1→· · ·→Ft→ 0
with Fi ∈ F ∇¯ for all 1 ≤ i ≤ n (i.e., that F ∇¯ˇ = 3-mod).
Since F ∇¯ is coresolving, thus contains all indecomposable injective 3-
modules, it is enough to show that for each X ∈ 3-mod there exists an
integer d such that −dX ∈ F ∇¯, i.e., by 1.6.(iv) we should show that
Ext13F 1;−dX = 0 for some d.
If Z ∈ F 1, we know by 1.8.(i) that proj:dim3 Z ≤ n − 1, hence
Extn3Z;X = 0 for all X ∈ 3-mod. But Extn3Z;X ' Ext13Z;−n+1X,
hence −n+1X ∈ F ∇¯, as required. This nishes the proof.
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We will call the multiplicity-free tilting module T with T⊥ = F ∇¯ the
characteristic tilting module for a standardly stratied algebra 3;≤. Ob-
serve, that by applying k-duality, 1.1 gives the existence of the characteristic
cotilting modules (with dual properties) for algebras 0 for which the oppo-
site algebra is standardly stratied.
In the sequel we will show further properties of this tilting module.
Proposition 2.2. Let 3;≤ be a standardly stratied algebra and let T
be the characteristic tilting module. Then we have the following:
(i) F 1 ∩ F ∇¯ = addT .
(ii) F 1 ⊆ ⊥T .
(iii) F 1 = addT ˇ .
(iv) proj:dim3 T = maxproj:dim3 X X ∈ F 1 ≤ n− 1.
Proof. Clearly, T ∈ F ∇¯, since T is a tilting module and F ∇¯ = T⊥,
by 2.1. Furthermore, by 1.6.(iii) we infer that T ∈ F 1. Hence, addT ⊆
F 1 ∩ F ∇¯.
Conversely, assume that X ∈ F 1 ∩ F ∇¯. Then, by an earlier remark,
X ∈ F ∇¯ = T⊥ ⊆ fac T . Consider a minimal addT -approximation of X:
∗ 0→K→ T˜→X → 0
with T˜ ∈ addT . By Wakamatsu’s lemma (as stated in [AR, 1.3]; see
also [Wa]) we infer that Ext13T;K = 0 and so, together with the fact
that X; T˜ ∈ T⊥, we get that K ∈ T⊥ = F ∇¯. Since X ∈ F 1, we know
by 1.6.(iii) that Ext13X;K = 0, hence ∗ splits and so X ∈ addT . This
shows the rst assertion.
The second assertion follows immediately from (i) and 1.2.
To prove (iii), let X ∈ F 1. Since F ∇¯ = T⊥ is covariantly nite and
coresolving by 1.6.(ii), by Wakamatsu’s lemma we have an exact sequence
0→X→FX→QX→ 0 with FX ∈ F ∇¯ and Ext13QX;F ∇¯ = 0. Thus
QX ∈ F 1, and therefore FX ∈ F 1, since F 1 is closed under exten-
sions. Hence FX ∈ F 1 ∩F ∇¯ = addT by (i). Iterating this process yields
an exact sequence
0→X = X0−→T 0 f0−→ T 1 f1−→ · · · fr−1−→ T r fr−→ T r+1 · · ·
for each natural number r with T i ∈ addT and Xi = Ker fi ∈ F 1 for
all i.
Let d = proj:dim3 T (observe that d < ∞ by 1.8.(i)) and choose
such a sequence with r = d. Then for i > 0 we have that Exti3T;Xd =
Extd+iT;X0 = 0, so by 2.1 we get Xd ∈ T⊥ = F ∇¯. Since by construction
also Xd ∈ F 1 we infer again by (i) that Xd ∈ addT .
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The converse inclusion is clear since addT ⊆ F 1 and F 1 is closed
under kernels of epimorphisms (cf. 1.6.(i)).
To prove (iv), recall rst that, as we have already observed, 1.8.(i) im-
plies that the projective dimension of modules in F 1 is bounded by
n − 1. So, let t = maxproj:dimX X ∈ F 1 and choose X ∈ F 1
with proj:dimX = t. Consequently, ExttX;3 6= 0. Since T ∈ F 1, it
is enough to show that t ≤ proj:dim3 T .
So, let d = proj:dim3 T . Then it is well-known (compare for example [H,
Chap. 3.2.2]) that there exists an exact sequence
0→ 33→T 0→T 1→· · ·→Td→ 0
with T j ∈ addT for all j.
By (ii) we have X ∈ ⊥T , hence for every s > d we have ExtsX; 33 '
Exts−d3 X;Td = 0, hence proj:dim3 X = t ≤ d, as required.
As an illustration of the previous results, let us consider the following
example.
Example 2.3. Let 3 be the factor algebra kQ/I of the path algebra kQ,
where
Q x γ and I = γ2; αγ;βα:
The algebra has the following left and right regular representations:
λλ =
1
2
1 2
⊕ 2
1 2
y λλ =
1
2
1
⊕
2
1 2
1
:
Here, the left standard and proper costandard modules can be described
as follows:
11 = 1 ; 12 = 2
1 2
y ∇¯1 = 1 ; ∇¯2 = 1
2
:
Clearly 3 is standardly stratied but not quasi-hereditary. The charac-
teristic tilting module for 3 with the natural ordering has the following
decomposition:
3T = 1 ⊕
1
2 1
1 2
:
One can easily check that indeed T ∈ F 1 ∩ F ∇¯.
154 agoston et al.
Theorem 2.4. Let 3;≤ be a standardly stratied algebra. Then the fol-
lowing statements are equivalent:
(i) 3;≤ is quasi-hereditary.
(ii) gl:dim3 <∞.
(iii) The characteristic tilting module T is also cotilting and F 1 = ⊥T .
(iv) F 1 = ⊥T for some cotilting module T .
Proof. The equivalence of (i) and (ii) is well-known (see, for exam-
ple, [PS, 4.3], [Wi, 1.7], and [D, 2.6]).
The fact that if 3;≤ is quasi-hereditary then (iii) holds is contained
in [R, Theorem 5, Corollary 4]. We shall, however, give a different proof
for the implication (ii) ⇒ (iii).
Thus suppose that (ii) holds. It is well-known that over an algebra of
nite global dimension any tilting module is also a cotilting module (see,
for example, [H]), hence the characteristic tilting module T is also cotilting.
Since 2.2.(ii) gives the inclusion F 1 ⊆ ⊥T , we have to show only that
⊥T ⊆ F 1. Let N = ⊕ni=1∇¯(i) and d = inj:dim3 N . Thus inj:dim3 Y ≤ d
for all Y ∈ F ∇¯. Let us take X ∈ ⊥T and consider a minimal F 1-
approximation of X, which exists and is surjective since F 1 is functorially
nite and resolving by 1.6.(i). So we have an exact sequence
0→KX→FX→X→ 0 ∗
with FX ∈ F 1. Now by Wakamatsu’s lemma, Ext13F 1;KX = 0,
hence 1.6.(iv) gives that KX ∈ F ∇¯ = T⊥. Note that we also have
KX ∈ ⊥T , since X;FX ∈ ⊥T and ⊥T is resolving.
Since N ∈ F ∇¯ = T⊥ ⊆ fac T , by taking successive minimal addT -
approximations, the repeated use of Wakamatsu’s lemma implies that the
kernel terms will all belong to T⊥ ⊆ fac T , hence for every r > 0 we get an
exact sequence
0→Kr→T r→· · ·→T 2→T 1→N→ 0
with T i ∈ addT for all i and Kr ∈ T⊥ = F ∇¯. Let r = d. Thus KX ∈ ⊥T
implies that we have Ext13KX;N ' Extr+1KX;Kr, and this is 0, since
inj:dim3 Kr ≤ d. So KX ∈ F 1 by 1.6.(iii), and therefore KX ∈ F 1 ∩
F ∇¯ = addT by 2.2.(i). But this implies that ∗ splits, hence X is a direct
summand of FX ∈ F 1, implying that X ∈ F 1. Hence F 1 = ⊥T .
Since the implication (iii)⇒ (iv) is trivial, we have to show only that (iv)
implies (ii). If F 1 = ⊥T for a cotilting module T , we infer by [AR, 5.5]
that dF 1 = 3-mod. Recall, that this means that for every 3-module X
there exists an exact sequence
0→Xs→· · ·→X1→X0→X→ 0
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with Xi ∈ F 1 for all 0 ≤ i ≤ s. Since by 1.8.(i), proj:dim3 Xi <∞ for all i,
we infer that proj:dim3 X <∞ for every X ∈ 3-mod. Hence gl:dim3 <∞.
This nishes the proof of the theorem.
We point out that the inclusion F 1 ⊆ ⊥T will in general be a proper
inclusion for a standardly stratied algebra even if the characteristic tilting
module T is a cotilting module. For this let 3 6= k be a local self-injective
k-algebra. Then 3 is trivially standardly stratied. The unique standard
module is 1 = 33 with ∇¯ = S the unique simple 3-module. Then T = 33,
hence 3-mod = ⊥T , whereas F 1 = addT .
We now turn to a more detailed investigation of the characteristic tilting
module T of a standardly stratied algebra 3;≤ and its endomorphism
algebra 0 = End3 T . The inductive building procedure, recalled in Sect. 1,
induces an ordering on the indecomposable summands of T so that if we
denote these summands by T 1; : : : ; T n to reflect this ordering, then
T i ∈ F 1i ∩ F ∇¯i and the characteristic tilting module Ti for the factor
algebra 3i can be identied with Ti = ⊕ij=1T j. This follows immediately
from 1.3 and 2.2.(i). From now on we shall x this notation for the sum-
mands of T .
In the next lemma we have collected a few properties of the modules
T i and the images of the modules in F ∇¯ and F 1 under the functors
Hom3T;− and D Hom3−; T , respectively.
Lemma 2.5. Let 3;≤ be a standardly stratied algebra and let T =Ln
i=1 T i be the characteristic tilting module. Then the following statements
hold:
(i) T i x ∇¯j = 0 for i < j and T i x ∇¯i > 0 for every i.
(ii) T i x 1j = 0 for i < j and T i x 1i > 0 for every i.
(iii) For every 1 ≤ i ≤ n there is an exact sequence
∗ 0→Xi→T i→ ∇¯i→ 0
with Xi ∈ F ∇¯i.
(iv) For every 1 ≤ i ≤ n there is an exact sequence
∗∗ 0→1i→T i→Yi→ 0
with Yi ∈ F 1i−1.
(v) Hom3T i; ∇¯j = 0 for i < j and dimk Hom3T i; ∇¯i = 1
for all i.
(vi) Hom31j; T i = 0 for i < j.
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Proof. The rst two statements follow from the fact that T i ∈ 3i-mod
but T i 6∈ 3i−1-mod.
By 1.2, we can rearrange any ∇¯-ltration or 1-ltration of T i to get the
desired exact sequences ∗ and ∗∗, respectively, with Yi ∈ F 1i. We still
have to prove that Yi x 1i = 0. Thus, let us assume that Yi x 1i > 0.
Then 1.2.(ii) implies that we can get an exact sequence
0→1i ⊕ 1i→T i→Y ′i→ 0
with Y ′i ∈ F 1i. If we apply now the functor Hom3−; T  to this sequence,
by 2.2.(ii) we get the following exact sequence:
0→Hom3Y ′i ; T →Hom3T i; T →Hom31i ⊕ 1i; T → 0:
Observe that this is a contradiction, since Hom3T i; T  is an inde-
composable projective right 0 = End3T; T -module. Thus, we get that
T i x 1i = 1, i.e., Yi ∈ F 1i−1.
The rst statement of v (respectively, the statement of (vi)) follows
from the fact that T i ∈ 3i-mod and ∇¯j has simple socle (respectively,
1j has simple top) isomorphic to Sj.
To nish the proof, let us assume that f; g ∈ Hom3T i; ∇¯i are lin-
early independent over k = End3∇¯i. By 1.7 both maps are surjective,
with X = Ker f and Ker g in F ∇¯i, and the independence gives that
X 6⊂ Ker g. Hence the restriction of g to X gives a non-zero (hence, by 1.7
surjective) map γx X→∇¯i with Ker γ ∈ F ∇¯i. This yields the commuta-
tive diagram
0 −→ X −→ T i f−→ ∇¯i −→ 0
γ
?y g;f ?y ∥∥
0 −→ ∇¯i ι1−→ ∇¯i ⊕ ∇¯i pi2−→ ∇¯i −→ 0
with ι1 and pi2 the rst inclusion and second projection, respectively.
This will imply that we get a surjective map T i g;f −→ ∇¯i ⊕ ∇¯i, with the
kernel in F ∇¯. Applying Hom3T;− will, as before, yield that the epi-
morphic image of the indecomposable projective 0-module Hom3T; T i
decomposes into the sum of two isomorphic direct summands, a contradic-
tion.
This nishes the proof.
We should note here that (v) does not imply that T i x ∇¯i = 1. As a
matter of fact, in contrast to the quasi-hereditary situation, for standardly
stratied algebras it may happen that we have T i x ∇¯i > 1:
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Before formulating our main result about the Ringel dual 0 = End3 T
for a standardly stratied algebra 3;≤, let us introduce some nota-
tion. We shall denote by F the functor Hom3T;− and by G the functor
DHom3−; T , both mapping 3-mod to 0-mod. The left projective 0-
module FT n − i + 1 will be denoted by Ri. From now on 0;≤
will denote the algebra 0 equipped with the natural order coming from
the indices of the projective modules Ri. Note that this is the opposite
of the order inherited from 3 and T . We shall also need the 0-modules
F∇¯3n− i+ 1 = Di and G13n− i+ 1 = Ni.
Theorem 2.6. Let 3;≤ be a standardly stratied algebra and T be the
characteristic tilting module with 0 = End3 T . Using the notation introduced
above, we have the following statements for 0;≤:
(i) Di ' 1¯0i for 1 ≤ i ≤ n.
(ii) Ni ' ∇0i for 1 ≤ i ≤ n.
(iii) The functor F induces an equivalence between F ∇¯3 and F 1¯0.
(iv) The functor G induces an equivalence between F 13 and F ∇0.
(v) 00 ∈ F 1¯0. In particular, the opposite algebra 0op is standardly
stratied.
(vi) The module T ′ = FD33 ∈ 0-mod is a cotilting module with
F 1¯0 = ⊥T ′ and F 1¯0 ∩F ∇0 = addT ′, i.e., T ′ is the characteristic cotilt-
ing module of 0.
(vii) 3 ' End0T ′ and the ordering given by T ′ gives back the original
ordering on 3.
Proof. To prove that Di ' 1¯0i, we have to show that the conditions
of 1.4 are satised by the modules Di. Let us apply the functor F to
the exact sequence ∗ in 2.5.(iii). Then since F ∇¯3 = T⊥ by 2.1, we
get an epimorphism FT j→F∇¯j→ 0, hence for j = n − i + 1 we
get that Di is a local module, with topDi ' topRi. The multiplicity
conditions on Di are implied by 2.5.(v), while the ltration condition
Ri ∈ F Di; : : : ;Dn will follow from the ltration properties of T n−
i + 1, described in 2.5.(i) or (iii). Observe that here we have repeatedly
used the fact that the functor F is exact on short exact sequences from
F ∇¯3.
A similar argument, using 1.5 and 2.5.(ii), (iv), and (vi) will imply that
Ni ' ∇0i, as stated in (ii).
As we have already observed, F is exact on F ∇¯3, thus by (i) it carries
F ∇¯3 into F 1¯0. By tilting theory (see, for example, [H] or [M]) we get
that F is an equivalence between the two subcategories. This proves (iii).
Similarly, by 2.2.(ii), the functor G is exact on F 13, thus G maps F 13
into F ∇0. The fact that G is full and faithful on F 1 follows from the
158 agoston et al.
fact that G is full and faithful on addT and the existence of a nite T -
coresolution for every module in F 1 by 2.2.(iii). Finally we show that G is
dense, i.e., every 0Y ∈ F ∇0 is isomorphic to GX for some X ∈ F 13.
First note that by tilting theory we have that 0DT  is a 0-cotilting module.
Hence by the dual of 2.2 we infer that F ∇0 ⊂ DT ⊥. Now consider the
functor G′ = Hom0DT ;−. It is easy to see that this gives an inverse
to G.
To get (v), one has only to observe that since T ∈ F ∇¯3 is mapped
to FT  ∈ F 1¯0 by (iii), 00 ' FT  ∈ F 1¯0; now one can use the dual
of 1.1.
To prove (vi), observe rst that T ′ ∈ F 1¯0 by 1.1 and (iii). Next, we will
show that T ′ is Ext-injective in F 1¯0, i.e., we show that F 1¯0 ⊆ ⊥T ′. For
this let Y ∈ F 1¯0. Then by (iii) there is X ∈ F ∇¯3 such that Y = FX.
By tilting theory we infer that Exti0Y;T ′ ' Exti3X;D33 = 0 for i > 0.
Thus T ′ is Ext-injective in F 1¯0. By the dual of 1.6.(iii) we get that T ′ ∈
F ∇0, hence addT ′ ⊆ F 1¯0 ∩ F ∇0. On the other hand, by (v) and the
dual of 2.1 and 2.2 we get that there exists a (basic) cotilting module T ′′
such that addT ′′ = F 1¯0 ∩ F ∇0. Since the number of non-isomorphic
indecomposable summands of T ′ and T ′′ must be the same, we get the
statement of (vi).
The rst part of (vii) is straightforward since F ∇¯3 and F 1¯0 are equiv-
alent categories by (iii), hence 3 ' End3D33 ' End0FD33 =
End0T ′. Finally, observe, that Hom3T j; Ii = 0 if j < i and
Hom3T i; Ii 6= 0 by 2.5.(i), hence for the natural ordering of the
summands of T ′ we have T ′i ' FIn − i + 1. This implies that after
applying the tiltingcotilting procedure, we get back the original ordering
on 3.
This nishes the proof of the theorem.
To conclude, we shall apply the previous considerations to obtain a bound
for the projectively dened nitistic dimension of a standardly stratied
algebra. For an optimal bound, obtained by different methods, as well as for
a bound on the injectively dened nitistic dimension, we refer to [AHLU,
2.1, 3.1].
Corollary 2.7. Let 3;≤ be a standardly stratied algebra. Then
fin:dim3 ≤ 2n− 1.
Proof. Let X ∈ 3-mod with d = proj:dim3 X < ∞. We may as-
sume that d ≥ n. Since F 1 is contravariantly nite and resolving
(cf. 1.6.(i)), Wakamatsu’s lemma, gives the existence of a short exact
sequence 0→KX→FX→X→ 0 with FX ∈ F 1 and KX ∈ F ∇¯.
Since FX ∈ F 1 we infer from 1.8.(i) that proj:dim3 FX ≤ n − 1, hence
proj:dim3 KX ≤ d − 1.
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Since KX ∈ F ∇¯ = T⊥ ⊆ fac T , and it is of nite projective dimen-
sion, repeatedly taking minimal addT -approximations will yield an exact
sequence
∗ 0→T r→· · ·→T 1→T 0→KX→ 0
with T i ∈ addT for all i. Note that here we may assume that T r ∈ addT .
Indeed, let s = proj:dimKX and let us denote by Ki the kernel term of the
ith approximation. Then by applying Hom3−;Ks+1 to the short exact se-
quences of ∗, we get that Ext1Ks;Ks+1 = Exts+1KX;Ks+1 = 0. Hence
Ks is in addT . Let us apply now Hom3T;− to ∗; this yields a nite
minimal projective resolution of the 0-module YX = Hom3T;KX where
0 = EndλT . So proj:dim0 YX = r. By 2.6.(v) we get that YX ∈ 0F 1¯. But
now the dual of 1.8.(ii) gives us that r ≤ n− 1. Since from 2.2.(iv) we have
proj:dim3 T ≤ n− 1, a straightforward argument gives that proj:dim3 KX ≤
2n− 2, hence d ≤ 2n− 1.
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